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The investigation of the qualitative properties of third order
differential equations (with and without delay) have been inten-
sively discussed and are still being investigated in the literature.
By employing the Lyapunov’s method, many good and inter-
esting results have been obtained concerning the boundedness,
ultimate boundedness and the asymptotic stability of solutions
for certain nonlinear differential equations. See, the papers of
Ademola and Arawomo (2013); Ademola et al. (2013);
Burton (2005); Hara (1971); Bao and Cao (2009); Pan and
Cao (2010, 2011, 2012); Omeike (2010); Oudjedi et al. (2014);
Remili and Beldjerd (2014); Remili and Oudjedi (2014);
Remili and Damerdji Oudjedi (2014); Li and Lizhi (1987);
Tunc¸ (2007a, b, 2010); Yoshizawa (1966) and their references.
In 1992, (Zhu, 1992), established some sufficient conditions
to ensure the stability, boundedness and ultimate boundedness
of the solutions of the following third order non-linear delay
differential equationx000 þ ax00 þ bx0 þ fðxðt rÞÞ ¼ eðtÞ:
Recently, (Graef et al., 2015), studied the following third order
non autonomous differential equation with delay
gðxðtÞÞx0ðtÞ½ 00 þ ðhðxðtÞÞx0ðtÞÞ0 þuðxðtÞÞx0ðtÞþ fðxðt rÞÞ¼ eðtÞ;
which is more general than those considered by Zhu (1992).
Simulated by the above reasons, we investigate the bounded-
ness, ultimate boundedness, and the asymptotic stability of
solutions for a kind of third-order differential equation with
delay as follows
gðx00ðtÞÞx00ðtÞ½ 0 þ hðx0ðtÞÞx0ðtÞð Þ0 þ uðxðtÞÞxðtÞð Þ0 þ fðxðt rÞÞ¼ eðtÞ;
ð1:1Þ
where r > 0 is a fixed delay and e; f; g; h, and u are continu-
ous functions in their respective arguments with fð0Þ ¼ 0. The
continuity of functions e; f; g; h, and u guarantees the exis-
tence of the solution of Eq. (1.1). In addition, it is also sup-
posed that the derivatives f 0ðxÞ, g0ðuÞ; h0ðyÞ and u0ðxÞ exist
and are continuous.
The main purpose of this paper is to establish criteria for
the uniform asymptotic stability and, uniform ultimate bound-
edness, of solutions for the third order non-linear differential
Eqs. (1.1). The results obtained in this investigation providey. Jour-
2 M. Remili, D. Beldjerda good supplement to the existing results on the third order
nonlinear delay differential equations in the literature as
(Zhu, 1992; Graef et al., 2015).
The remainder of this paper is organized as follows. In Sec-
tion 2, we give a theorem, which deals with asymptotic stability
of the zero solution of the delay differential Eq. (1.1) with
eðtÞ ¼ 0. In Section 3, we introduced theorem which discusses
the uniform boundedness, and uniform ultimate boundedness
of the solutions of Eq. (1.1) for the case eðtÞ – 0. Eventually,
some conclusions are given in Section 4.
2. Stability
Take general nonlinear non-autonomous delay differential
equation in the form
x0 ¼ fðxtÞ; xtðhÞ ¼ xðtþ hÞ; r 6 h 6 0; tP 0; ð2:1Þ
where f : CH ! Rn is a continuous mapping, fð0Þ ¼ 0,
CH :¼ f/ 2 ðC½r; 0; RnÞ : k/k 6 Hg, and for H1 < H, there
exists LðH1Þ > 0, with jfð/Þj < LðH1Þ when k/k < H1.
Lemma 2.1 Krasovskii, 1963. If there is a continuous func-
tional Vðt;/Þ : ½0;þ1Þ  CH ! ½0;þ1Þ locally Lipschitz in /
and wedges Wi such that:
(i) If W 1ðk/kÞ 6 V ðt;/Þ, V ðt; 0Þ ¼ 0 and V 0ð2;1Þðt;/Þ 6 0.
Then, the zero solution of (2.1) is stable. If in addition
V ðt;/Þ 6 W 2ðk/kÞ Then, the zero solution of (2.1) is uni-
formly stable.
(ii) If W 1ðk/kÞ 6 V ðt;/Þ 6 W 2ðk/kÞ and V 0ð2;1Þðt;/Þ 6
W 3ðk/kÞ. Then, the zero solutionof (2.1) is uniformly
asymptotically stable.
Now, suppose that there are positive constants
g0; g1; h0; h1;u0;u1; d0; d1 and l1 such that the following condi-
tions which will be used on the functions that appeared in Eq.
(1.1) are satisfied:
(i) 0 < g0 6 gðuÞ 6 g1; 0 < h0 6 hðyÞ 6 h1;
0 < u0 6 uðxÞ 6 u1,
(ii) f ð0Þ ¼ 0; f ðxÞx P d0 > 0 ðx– 0Þ, and jf 0ðxÞj 6 d1 for all x,
(iii) d1u0
< l1 <
h0
g1
,
(iv)
Rþ1
1 ð g0ðuÞj j þ h0ðuÞj j þ u0ðuÞj jÞdu < 1.
For ease of exposition throughout this paper we will adopt
the following notations
PðtÞ ¼ gðx00ðtÞÞ; h1ðtÞ ¼ P
0ðtÞ
P2ðtÞ ;
h2ðtÞ ¼ h0ðx0ðtÞÞx00ðtÞ and h3ðtÞ ¼ u0ðxðtÞÞx0ðtÞ: ð2:2Þ
and
r1ðtÞ ¼ minfx00ð0Þ; x00ðtÞg; r2ðtÞ ¼ maxfx00ð0Þ; x00ðtÞg; ð2:3Þ
q1ðtÞ ¼ minfxð0Þ; xðtÞg; q2ðtÞ ¼ maxfxð0Þ; xðtÞg;
w1ðtÞ ¼ minfx0ð0Þ; x0ðtÞg; w2ðtÞ ¼ maxfx0ð0Þ; x0ðtÞg:
For the case eðtÞ  0, The stability result of this paper is the
following theorem.
Theorem 2.2. If in addition to the hypotheses (i)–(iv), suppose
that the following is also satisfiedPlease cite this article in press as: Remili, M., Beldjerd, D. Stability and ultimate boun
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2g0ðh0  l1g1Þ
g21d1
;
2g0ðl1u0  d1Þ
d1ð2l1g0 þ 1Þ
 
;
Then every solution of (1.1) is uniformly asymptotically stable.
Proof. Eq. (1.1) is equivalent to the following system
x0 ¼ y
y0 ¼ z
PðtÞ ð2:4Þ
z0 ¼  hðyÞ
PðtÞ z h2ðtÞy h3ðtÞx uðxÞy fðxÞ
þ
Z t
tr
yðsÞf 0ðxðsÞÞds;
The main tool in the proofs of our results is the continu-
ously differentiable functional W ¼Wðt; xt; yt; ztÞ defined as
Wðt; xt; yt; ztÞ ¼ e
xðtÞ
l V1ðt; xt; yt; ztÞ ¼ e
xðtÞ
l V1; ð2:5Þ
where
V1 ¼ l1FðxÞ þ fðxÞyþ
uðxÞ
2
y2 þ 1
2PðtÞ z
2 þ l1yz
þ 1
2
l1hðyÞy2 þ k
Z 0
r
Z t
tþs
y2ðnÞdnds; ð2:6Þ
xðtÞ ¼
Z t
0
QðsÞds; and QðtÞ ¼ h1ðtÞj j þ h2ðtÞj j þ h3ðtÞj j;
ð2:7Þ
such that FðxÞ ¼ R x
0
fðuÞdu and h1; h2; h3, are defined as (2.2).
l and k are some positive constants which will be specified
later in the proof. We observe that the above functional V1
can be rewritten as follows
V1¼ l1FðxÞþ
uðxÞ
2
yþ fðxÞ
uðxÞ
 2
 f
2ðxÞ
2uðxÞþ
1
2PðtÞðzþl1PðtÞyÞ
2
þl1ðhðyÞl1PðtÞÞ
2
y2þk
Z 0
r
Z t
tþs
y2ðnÞdnds:
Considering the conditions (i) and (iii), we derive that
l1ðhðyÞ  l1PðtÞÞ
2
P
l1ðh0  l1g1Þ
2
> 0:
It follows that there exists sufficiently small positive constant
d2 such that
1
2PðtÞ ðzþ l1PðtÞyÞ
2 þ l1ðhðyÞ  l1PðtÞÞ
2
y2
P d2y2 þ d2z2: ð2:8Þ
Under the hypotheses (i)–(iii), we have
l1FðxÞ  f
2ðxÞ
2uðxÞ P l1
R x
0
1 f 0 ðuÞl1uðxÞ
 
fðuÞdu
P l1
R x
0
1 d1l1u0
 
fðuÞdu
P d3FðxÞ;
where
d3 ¼ l1 1
d1
l1u0
 
> l1 1
l1
l1
 
¼ 0:
Moreover, assumption (ii) impliesdedness of solutions of some third order diﬀerential equations with delay. Jour-
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f 2ðxÞ
2uðxÞP
d3d0
2
x2: ð2:9Þ
Clearly, from (2.9), (2.8) and (2.6), we have the following
estimate
V1 P d2y2 þ d2z2 þ d3d0
2
x2 þ k
Z 0
r
Z t
tþs
y2ðnÞdnds: ð2:10Þ
Since the integral
R t
tþs y
2ðnÞdn is positive, we can find a positive
constant k0, small enough such that the last inequality gives
V1 P k0ðx2 þ y2 þ z2Þ; ð2:11Þ
where k0 ¼ min d2; d3d02
 	
. Observe that
P0ðtÞ ¼ g0ðx00ðtÞÞx000ðtÞ:
Thus, from hypotheses (i) and (iv), we have
xðtÞ ¼
Z t
0
QðsÞds
6 1
g20
Z r2ðtÞ
r1ðtÞ
g0ðuÞj jduþ
Z q2ðtÞ
q1ðtÞ
u0ðuÞj jduþ
Z w2ðtÞ
w1ðtÞ
h0ðuÞj jdu
6 1
g20
Z þ1
1
g0ðuÞj jduþ
Z þ1
1
ð u0ðuÞj jþ h0ðuÞj jÞdu6N<1;
where r1; r2; q1; q2; w1; w2 are defined as (2.3).
Therefore we can find a continuous function W1ðjUð0ÞjÞ
with
W1ðjUð0ÞjÞP 0 and W1ðjUð0ÞjÞ 6Wðt;UÞ:
The existence of a continuous functionW2ðk/kÞ which satisfies
the inequality Wðt;/Þ 6W2ðk/kÞ, is easily verified.
Now, the time derivative of the functional V1ðt; xt; yt; ztÞ,
with respect to the system (2.4) can be calculated as follows
V01ð2:4Þ ¼ f
0ðxÞ  l1uðxÞ½ y2 þ
l1PðtÞ  hðyÞ
P2ðtÞ

 
z2 þHðtÞ þ kry2
þ 1
PðtÞ zþ l1y
 Z t
tr
yðsÞf 0ðxðsÞÞds k
Z t
tr
y2ðnÞdn;
where
HðtÞ ¼  1
2
h1ðtÞz2  h2ðtÞ hðyÞ
P2ðtÞ yzþ
l1
2
y2
 
þ h3ðtÞ 1
2
y2  1
PðtÞxz l1xy
 
6 1
2
h1ðtÞj jz2 þ jh2ðtÞj h1
g20
jyzj þ l1
2
y2
 
þ jh3ðtÞj 1
2
y2 þ 1
g0
jxzj þ l1jxyj
 
:
Using the Schwartz inequality uvj j 6 1
2
ðu2 þ v2Þ, we obtain
HðtÞ 6 1
2
h1ðtÞj j þ l1 þ
h1
g20
 
jh2ðtÞj

 
ðy2 þ z2Þ
þ 1
2
1þ l1 þ
1
g0
 
jh3ðtÞj x2 þ y2 þ z2
 
6 k1
k0
QðtÞV1;
where
k1 ¼ 1
2
max 1þ l1 þ
h1
g20
; 1þ l1 þ
1
g0
 
:Please cite this article in press as: Remili, M., Beldjerd, D. Stability and ultimate boun
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V01ð2:4Þ 6  l1u0  d1  kr½ y2 
h0  l1g1
g21

 
z2 þ k1
k0
QðtÞV1
þ z
PðtÞ þ l1y
 Z t
tr
yðsÞf 0ðxðsÞÞds k
Z t
tr
y2ðnÞdn;
Using again the Schwartz inequality, and making use of the
fact that f 0ðxÞj j 6 d1, we obtain the following inequalities
l1y
Z t
tr
yðsÞf 0ðxðsÞÞds 6 d1l1r
2
y2 þ l1d1
2
Z t
tr
y2ðnÞdn; ð2:12Þ
and
1
PðtÞ z
Z t
tr
yðsÞf 0ðxðsÞÞds 6 d1r
2g0
z2 þ d1
2g0
Z t
tr
y2ðnÞdn:
After some rearrangement we obtain
V01ð2:4Þ 6  l1u0  d1  kþ
l1d1
2
 
r

 
y2
 h0  l1g1
g21
 d1r
2g0

 
z2 þ k1
k0
QðtÞV1
þ d1
2
l1 þ
1
g0
 
 k

  Z t
tr
y2ðnÞdn: ð2:13Þ
Let
k ¼ d1
2
l1 þ
1
g0
 
;
M1 ¼ l1u0  d1 
d1
2
2l1 þ
1
g0
 
r;
M2 ¼ h0  l1g1
g21
 d1r
2g0
:
Hence, the last inequality becomes
V01ð2:4Þ 6 M1y2 M2z2 þ
k1
k0
QðtÞV1:
Now, in view of the inequalities (2.11) and (2.5) and taking
l ¼ k0
k1
we obtain
W0ð2:4Þ ¼ e
k1xðtÞ
k0 V01ð2:4Þ 
k1
k0
QðtÞV1
 
6 e
k1xðtÞ
k0 M1y2 M2z2
 
:
Provided that
r < min
2g0ðh0  l1g1Þ
g21d1
;
2g0ðl1u0  d1Þ
d1ð2l1g0 þ 1Þ
 
;
one can conclude for some positive constant D > 0 that
W0ð2:4Þðt; xt; yt; ztÞ 6  Dðy2 þ z2Þ;
where
D ¼ e
k1N
k0 min M1; M2f g:
From (2.4),W3ðkXkÞ ¼ Dðy2 þ z2Þ is positive definite function.
Hence, Lemma 2.1 guarantees that the trivial solution of
Eq. (1.1) is uniformly asymptotically stable and completes
the proof of the Theorem. hdedness of solutions of some third order diﬀerential equations with delay. Jour-
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Consider
x0 ¼ fðt; xtÞ; xtðhÞ ¼ xðtþ hÞ;r 6 h  0 ð3:1Þ
where f : R C! Rn, is continuous mappings and takes
bounded sets into bounded sets.
Lemma 3.1 Burton, 1985. Let Vðt;uÞ : R C! R be contin-
uous and locally Lipschitz in u. If
ðiÞ W0ðjxðtÞjÞ6Vðt;xtÞ6W1ðjxðtÞjÞþW2
Z t
tr
W3ðjxðtÞjÞds
 
;
ðiiÞ V0ð3:1Þ6W3ðjxðtÞjÞþM;
for some M > 0, where Wiði ¼ 0; 1; 2; 3Þ are wedges, then the
solutions of (3.1) are uniformly bounded and uniformly ulti-
mately bounded for bound B.
Now, we shall state and prove our main result on the
boundedness and ultimate boundedness of (1.1) with eðtÞ – 0.
Theorem 3.2. If hypotheses (i)–(iv) hold true, and in addition
the following conditions are satisfied
(j) jeðtÞj 6 m, for some m > 0,
(jj) d0 >
1þu1
2
,
(jjj) l2 ¼ min 1g1 ;
2ðh0u0d1g1Þ
g0ð2þu1Þ ;
ðl1u0d1Þ
h1
n o
.
Then every solution of (1.1) is uniformly bounded and
uniformly ultimately bounded provided r satisfies
r < min
2d0  ð1þ u1Þ
d1
;
g0 2ðh0  l1g1Þ  l2g21
 
2g21d1
;

2g0 l1u0  d1  l2h1ð Þ
d1 2h1 þ ð2l1 þ l2Þg0 þ 2ð Þ

; ð3:2Þ
Proof. In the case eðtÞ – 0 The Eq. (1.1) is equivalent to the
following system
x0 ¼ y
y0 ¼ z
PðtÞ ð3:3Þ
z0 ¼  hðyÞ
PðtÞ z h2ðtÞy h3ðtÞx uðxÞy fðxÞ
þ
Z t
tr
yðsÞf 0ðxðsÞÞdsþ eðtÞ:
As in Theorem 2.2, the proof of this theorem also depends on
the differentiable Lyapunov functional U defined as
Uðt; xt; yt; ztÞ ¼ egðtÞVðt; xt; yt; ztÞ ¼ egðtÞV; ð3:4Þ
Such that Vðt; xt; yt; ztÞ ¼ V1ðt; xt; yt; ztÞ þ V2ðt; xt; yt; ztÞ
where V1 is defined as (2.6) and
V2 ¼ hðyÞ
PðtÞFðxÞ þ
l2
2
x2 þ fðxÞyþ uðxÞ
2
y2 þ l2xðzþ hðyÞyÞ
þ 1
2PðtÞ ðzþ hðyÞyÞ
2
;Please cite this article in press as: Remili, M., Beldjerd, D. Stability and ultimate boun
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gðtÞ ¼
Z t
0
1
x
QðsÞ þ 1
a
h4ðtÞj j

 
ds;
where QðtÞ, is defined as (2.7) and h4ðtÞ ¼ hðyÞPðtÞ
 0
. x and a are
positive constants which will be specified later in the proof. We
have
V2 ¼ hðyÞ
PðtÞFðxÞ þ
1
2
ðzþ hðyÞyÞ þ l2PðtÞxð Þ2
þ uðxÞ
2
yþ fðxÞ
uðxÞ
 2
 f
2ðxÞ
2uðxÞ þ
1
2
l2ð1 PðtÞl2Þx2:
We can verify that
V2 P
hðyÞ
PðtÞFðxÞ 
f 2ðxÞ
2uðxÞ
P
h0
g1
FðxÞ  1
2u0
f 2ðxÞ
P
Z x
0
h0
g1
 d1
u0
 
fðuÞdu
Pd4FðxÞ;
where d4 ¼ h0  g1d1u0 > 0. Thus from (ii) we obtain,
V2 P
d4d0
2
x2: ð3:5Þ
Clearly, from (3.5) and (2.10) and the fact that the integralR 0
rðtÞ
R t
tþs y
2ðnÞdnds is positive, we deduce that
VP d2y2 þ d2z2 þ d5d0
2
x2;
where d5 ¼ d3 þ d4. Further simplification of the last estimate
gives
VP kðx2 þ y2 þ z2Þ; ð3:6Þ
where k ¼ minfd2; d5d02 g. From hypotheses (i) and (iv), we haveZ t
0
h4ðsÞj jds 6 1
g0
Z w2ðtÞ
w1ðtÞ
h0ðuÞj jduþ h1
g20
Z r2ðtÞ
r1ðtÞ
g0ðuÞj jdu
6 1
g0
Z þ1
1
h0ðuÞj jduþ h1
g20
Z þ1
1
ð g0ðuÞj j þ h0ðuÞj jÞdu
6M < 1;
where r1; r2; w1; w2 are defined as (2.3).
Therefore we can find a continuous function U1ðjUð0ÞjÞ
with
U1ðjUð0ÞjÞP 0 and U1ðjUð0ÞjÞ 6 Uðt;UÞ:
The existence of a continuous function U2ðk/kÞ which satisfies
the inequality Uðt;/Þ 6 U2ðk/kÞ, is also easily shown.
Using a basic calculation, the time derivative of the
functional Vðt; xt; yt; ztÞ, along the trajectories of the system
(3.3), results in
V0ð3:3Þ ¼ V01ð3:3Þ þ V02ð3:3Þ ;
where
V01ð3:3Þ ¼ V01ð2:4Þ þ l1yeðtÞ þ
z
PðtÞ eðtÞ:dedness of solutions of some third order diﬀerential equations with delay. Jour-
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V01ð3:3Þ 6  l1u0  d1  kþ
l1d1
2
 
r

 
y2  h0  l1g1
g21
 d1r
2g0

 
z2
þ d1
2
l1 þ
1
g0
 
 k

  Z t
tr
y2ðnÞdnþ l1
g0
jyjmþ jzjm
þ k1QðtÞðy2 þ z2Þ: ð3:7Þ
We have
V02ð3:3Þ ¼ h4ðtÞFðxÞ þ l2 1 uðxÞð Þxyþ
f 0ðxÞPðtÞ  hðyÞuðxÞ
PðtÞ y
2
þ l2yzþ l2hðyÞy2  l2xfðxÞ þ l2xeðtÞ þ zeðtÞ
þ hðyÞ
PðtÞ yeðtÞ 
1
2
ðzþ hðyÞyÞ2h1ðtÞ
 1
2
y2 þ 1
PðtÞ ðxzþ hðyÞxyÞ þ l2x
2

 
h3ðtÞ
þ l2xþ zþ
hðyÞ
PðtÞ y
 Z t
tr
yðsÞf 0ðxðsÞÞds:
We can now proceed analogously to (2.12)
l2xþ
hðyÞ
PðtÞ yþ
z
PðtÞ
 Z t
tr
yðsÞf 0ðxðsÞÞds
6 l2d1r
2
x2 þ d1h1r
2g0
y2 þ d1r
2g0
z2
 
þ l2d1
2
þ h1d1
2g0
þ d1
2g0
 Z t
tr
y2ðnÞdn:
Using Schwartz inequality and conditions (i), (ii), (j) we obtain
V02ð3:3Þ 6 h4ðtÞFðxÞ  l2 d0 
ð1þ u1Þ
2
 d1r
2

 
x2
 h0u0  d1g1
g0
 l2
2
ð2þ u1Þ

 
y2
þ l2h1 þ
rd1h1
2g0

 
y2 þ l2
2
þ d1r
2g0

 
z2 þ h1
g0
jyjm
þ l2jxjmþ jzjmþ ðz2 þ h21y2Þjh1ðtÞj
þ l2 þ
1
2g0
ð1þ h1Þ
 
x2 þ 1
2
y2 þ 1
2g0
z2

 
jh3ðtÞj
þ d1 h1 þ l2g0 þ 1
2g0
Z t
tr
y2ðnÞdn:
ð3:8Þ
Combining (3.8) and (3.7), and using condition (jjj), we get
V0ð3:3Þ 6 h4ðtÞFðxÞ þ l2jxjmþ
h1 þ l1
g0
jyjmþ 2jzjm b1x2
 b2y2  b3z2 þ k2QðtÞ x2 þ y2 þ z2
 
þ d1½g0ðl1 þ l2Þ þ 2þ h1
2g0
 k
 Z t
tr
y2ðnÞdn;
where
b1 ¼ l2 d0 
ð1þ u1Þ
2
 d1r
2

 
;
b2 ¼ l1u0  d1  l2h1  r kþ
d1l1
2
þ d1h1
2g0
 
;
b3 ¼
h0  l1g1
g21
 l2
2
 d1r
g0

 
;
k2 ¼ k1 þ 1
2g0
ð1þ h1Þ þ l2 þ ð1þ h21Þ:Please cite this article in press as: Remili, M., Beldjerd, D. Stability and ultimate boun
nal of the Association of Arab Universities for Basic and Applied Sciences (2016), hTaking
d1½g0ðl1 þ l2Þ þ 2þ h1
2g0
¼ k;
min b1; b2; b3f g ¼ b;
and using (3.2) and (3.6) and (jj) the last estimate becomes
V0ð3:3Þ 6 h4ðtÞFðxÞ þ l2jxjmþ
h1 þ l1
g0
jyjmþ 2jzjm
 b x2 þ y2 þ z2 þ k2
k
QðtÞV:
It follows that
V0ð3:3Þ 6 h4ðtÞFðxÞ  bðx2 þ y2 þ z2Þ þ bcðjxj þ jzj þ jyjÞ
þ k2
k
QðtÞV;
where
c ¼ m
b
max 2;
h1 þ l1
g0
; l2
 
:
The above estimate may be written as
V0ð3:3Þ6h4ðtÞFðxÞ
b
2
ðx2þy2þ z2Þþk2
k
QðtÞV
b
2
½x2þy2þ z22cðjxjþ jzjþ jyjÞ
¼ h4ðtÞFðxÞb
2
ðx2þy2þ z2Þþk2
k
QðtÞV
b
2
½ðjxj cÞ2þðjyj cÞ2þðjzj cÞ2þ3b
2
c2
6h4ðtÞFðxÞb
2
ðx2þy2þ z2Þþk2
k
QðtÞVþ3b
2
c2:
It is clear that
U0ð3:3Þðt; xt; yt; ztÞ ¼ egðtÞ V0ð3:3Þ 
1
x
QðtÞ þ 1
a
h4ðtÞj j
 
V

 
:
Putting x ¼ k
k2
and a ¼ d4 we obtain
U0ð3:3Þðt; xt; yt; ztÞ 6 L 
b
2
ðx2 þ y2 þ z2Þ þ 3b
2
c2

 
; for some
L > 0:
Hence the conclusions of Theorem 3.2 follow from Lemma 3.1,
this completes the proof of Theorem. h4. Conclusions
It is well known that the problem of ultimate boundedness of
solutions of nonlinear is very important in the theory and
applications of differential equations. Sufficient conditions
for the boundedness, ultimate boundedness, and the asymp-
totic stability of solutions for a certain third order nonlinear
differential equation are given with the aid of an effective
method namely Lyapunov second or direct method. The
appropriate Lyapunov function is given explicitly to obtain
the results. Finally, it is worth noting that our study comple-
ment some well known results on the third order differential
equations in the literature.dedness of solutions of some third order diﬀerential equations with delay. Jour-
ttp://dx.doi.org/10.1016/j.jaubas.2016.05.002
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